Abstract. We prove the non-emptiness of MH,Y (v), the moduli space of Giesekersemistable sheaves on an unnodal Enriques surface Y with Mukai vector v of positive rank with respect to a generic polarization H. This completes the chain of progress initiated by H. Kim in [Kim98a] . We also show that the stable locus
1. Introduction 1.1. Background. Over the last few decades there has been a great deal of interest in the study of moduli spaces of coherent sheaves on smooth projective varieties, often inspired by mathematical physics and gauge theory. In order to construct such a moduli space, in particular to obtain boundedness, one must restrict one's attention to coherent sheaves satisfying some sense of stability with fixed topological invariants, encoded in the Mukai vector v. The two most ubiquitous definitions of stability are µ H -stability, or slope stability, and Gieseker-stability, both of which are defined by choosing an ample polarization H on the base variety X. Among the many fascinating aspects of these moduli spaces, other than their uses in physics, is the intimate connection they have with the underlying projective variety.
A particularly tight connection with X is via the choice of polarization H ∈ Amp(X). As the moduli spaces M H,X (v) of Gieseker-semistable sheaves on X with Mukai vector v is constructed as a GIT (Geometric Invariant Theory) quotient with respect to H, varying the polarization H induces a VGIT (Variation of GIT) birational transformation (as defined and studied in [DH98] and [Tha96] ). The corresponding connection with the birational geometry of Gieseker moduli spaces has been studied in [MW97] . Most important here is that the other birational models obtained from varying the polarization are moduli spaces as well, albeit with a slightly different moduli functor. The so-called Mumford-Thaddeus principle studied in [MW97] can be seen as an extension of the Hassett-Keel program for M g,n , where the minimal models of M g,n obtained by running the MMP are hoped to be modular themselves.
Possibly the most studied case of these Gieseker moduli spaces is when X is a smooth projective surface, and here a second important connection between the geometry of M H,X (v) and that of X emerges. For example, when X is a projective K3 surface and v is primitive, the moduli spaces M H,X (v) of Gieseker-stable sheaves on X of Mukai vector v are projective hyperkähler (i.e. irreducible holomorphic symplectic) manifolds [Muk84] . These are incredibly rare varieties with a beautiful and rigid geometry, and they are quite important as one of the building blocks of varieties with trivial c 1 [Bea83] . Along with the related case when v is two times a primitive Mukai vector, these Gieseker moduli spaces (or their smooth resolutions in this non-primitive case) form all but two of the known deformation equivalence classes of such varieties. The other two come instead from constructions involving Gieseker moduli spaces on Abelian surfaces. Similarly, the Gieseker moduli spaces on rational surfaces of various types have been studied and interesting connections with the underlying surface have been unveiled.
While moduli of sheaves on K3 and Abelian surfaces have arguably received the most attention, the corresponding moduli spaces on the related Enriques surfaces have been much less studied. Recall that an Enriques surface is a smooth projective surface Y with h 1 (O Y ) = 0 and canonical bundle O(K Y ) a non-trivial 2-torsion element of Pic(Y ).
1 The investigation of Gieseker moduli spaces on an Enriques surface Y was started by H. Kim in [Kim98b] , where he proved some general structure results about the locus parametrizing stable locally free sheaves, but in general, the picture is much less complete.
Kim himself continued his investigation in [Kim06] with existence results for locally free sheaves in rank 2 and a description of some of the geometry of these moduli spaces. K. Yoshioka succesfully computed in [Yos03] points on Y . It follows that these moduli spaces are non-empty, consisting of two isomorphic irreducible connected components parametrizing sheaves whose determinant line bundles differ by K Y . M. Hauzer [Hau10] refined the techniques of Yoshioka to conclude that the Hodge polynomials in even rank are the same as those of a moduli space of sheaves with rank 2 or 4. Moreover, like Enriques surfaces themselves, K. Yamada [Yam13] proved that under certain minor assumptions M H,Y (v) has torsion canonical divisor. Finally, G. Saccà [Sac12] obtained some beautiful results about the geometry of Gieseker moduli spaces in rank 0. Nevertheless, even non-emptiness and irreducibility for moduli of sheaves of even rank is unknown in general.
In this paper, we complete the sequence of results mentioned above for Gieseker moduli spaces of torsion-free sheaves with regard to non-emptiness. We prove this theorem in Section 6 by first reducing to the case m = 1 so that every Gieseker-semistable sheaf is stable as well. The result for v 0 of odd rank was proved in [Yos03] . From Hauzer's main theorem [Hau10, Theorem 0.2], the question of the existence and irreducibility of Gieseker moduli spaces in positive even rank is reduced to the same question in ranks 2 and 4. The rank 2 case was essentially solved in [Kim06] , and we prove existence in rank 4 by reducing to the following theorem:
Suppose that c 1 is ample and denote it by H. Assume that c 2 1 satisfies the inequality in (3) for the corresponding k. Then there exists a µ H -stable vector bundle with Mukai vector v on an unnodal Enriques surface Y .
The proof of this theorem in Section 5 uses the by-now classical Serre correspondence as in the proof of [HL10, Theorem 5.1.6], but instead of the usual techniques which demand c 2 to be sufficiently large, we use the large Picard lattice of Enriques surfaces to reduce ourselves to the assumptions of the theorem. More notably, we show that these moduli spaces contain open subsets parametrizing µ-stable vector bundles, results which are again usually only achieved by asymptotic assumptions on c 2 . The reduction to primitive Mukai vectors of the form (4, c 1 , 2 − k) for −5 ≤ k ≤ 1 is achieved in Section 4 by generalizing the methods of [Kim98a] to rank 4 vector bundles after first reviewing the necessary facts about divisors on Enriques surfaces in Section 3.
We sum all of this up with the following description of the global and local properties of M H,Y (v) in Section 7: Note that 0 = v 2 = c 2 1 − 2rs, so the evenness of c 2 1 implies that either r or 2s is even. But since 2s = r + c 2 1 − 2c 2 implies that r ≡ 2s(mod 2), both r and 2s are even, so this result does not follow from [Yos03] .
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Review: Moduli spaces of semistable sheaves
We start by recalling the basic lattice-theoretical structure, given by the Mukai lattice. We then review slope and Gieseker stability and the known results about existence and non-emptiness of moduli spaces of semistable sheaves.
The algebraic Mukai lattice. Let Y be an Enriques surface. Its universal cover is a projective K3 surfaceỸ .Ỹ comes with a fixed-point free covering involution ι such that Y =Ỹ / ι . Denote by
the Mukai lattice of Y , where ρ Y is the fundamental class. Then
given by v(E) = ch(E) td(Y ) associates to E in the numerical K-group of Y its associated Mukai vector. Written according to the decomposition (1) this becomes
denotes the Euler pairing on K(Y ). This becomes non-degenerate when modding out by its kernel to get K num (Y ). According to the decomposition (1), we have
Note that the covering space map π :Ỹ → Y induces a primitive embedding
such that (π * v, π * w) = 2(v, w), and it identifies H * alg (Y, Z) with the ι * -invariant component of H * alg (Ỹ , Z). It follows that for a primitive Mukai vector v, π * v is primitive as well. Slope stability. Let H ∈ Amp(X) on a smooth projective surface X. We define the slope function µ H on Coh X by
This gives a notion of slope stability for sheaves, for which Harder-Narasimhan filtrations exist (see [HL10, Section 1.6]). Recall that a torsion free coherent sheaf E is called slope semistable (resp. stable) with respect to H if for every
). We will sometimes use the notation µ-stability, or µ H -stability if we want to make the dependence on H clear. Also recall that every torsion free coherent sheaf E admits a unique Harder-Narasimhan filtration
with factors
Gieseker stability. Let H ∈ Amp(X) on a smooth projective surface X. Recall that the Hilbert polynomial is defined by
for E ∈ Coh(X). This polynomial can uniquely be written in the form
i! , and we define the reduced Hilbert polynomial by
This gives rise to the notion of H-Gieseker stability for sheaves. We refer to [HL10, Section 1] for basic properties of Gieseker stability, but we just mention that like above, a pure dimensional sheaf E is called Gieseker semistable (resp. Gieseker stable) if for every proper
Harder-Narasimhan filtrations are defined analogously as above with p replacing µ H , and in addition, every semistable sheaf admits a Jordan-Hölder filtration with stable factors all of the same reduced Hilbert polynomial. The filtration is not unique, but the factors and their multiplicities are. It is worth pointing out that
Moduli spaces of stable sheaves. Let H ∈ Amp(X) on a smooth projective surface X. We fix a Mukai vector v ∈ H * alg (X, Z) (or in other words, we fix the topological invariants r, c 1 , c 2 ). We denote by M 
of the coarse moduli space. We must also recall the definition of a polarization that is generic with respect to a given
The wall for v corresponding to ξ is the real hyperplane ξ ⊥ ⊂ Nef(X). These walls are locally finite. A polarization H ∈ Amp(X) is generic with respect to v if it does not lie on any of these walls. An important consequence of this is that for a destabilizing subobject F of E, with v(E) as above and H generic with respect to v(E), v(F ) ∈ R >0 v(E). So if v is primitive, any H-Gieseker semistable sheaf E with v(E) = v is Gieseker-stable as well. If, in addition, c 1 is primitive in NS(X), then any µ H -semistable sheaf is even µ H -stable.
We review one last facet of the theory of moduli spaces of sheaves. While a coarse moduli space exists, it is not always a fine moduli space, i.e. there does not always exist a universal family of semistable sheaves. To remedy the possible lack of a universal family, Mukai [Muk87] came up with the following substitute, which is usually good enough for most purposes:
Definition 2.1. Let T be an algebraic space of finite-type over C and X a smooth projective variety.
(a) A family E on T × X is called a quasi-family of objects in M H,X (v) if for all closed points t ∈ T , there exists E ∈ M H,X (v)(C) such that E t ∼ = E ⊕ρ , where ρ > 0 is an integer which is called the similitude and is locally constant on T . (b) Two quasi-families E and E ′ on T , of similitudes ρ and ρ ′ , respectively, are called equivalent if there are locally free sheaves N and
It follows that the similitudes are related by rk N · ρ = rk N ′ · ρ ′ . (c) A quasi-family E is called quasi-universal if for every scheme T ′ and quasi-family E ′ on T ′ , there exists a unique morphism f : 
Kim's main structure result from [Kim98b] is the following: 
The singular locus has even dimension at most 
is a double cover onto a Lagrangian subvariety of M H,Ỹ (π * v), the fixed locus of ι * , and is branched precisely along the locus where E ∼ = E(K Y ). Now recall that for a variety X over C, the cohomology with compact support H * c (X, Q) has a natural mixed Hodge structure. Let e p,q (X) :
) and e(X) := p,q e p,q (X)x p y q be the virtual Hodge number and Hodge polynomial, respectively. Moreover, for an Enriques surface Y we recall that the kernel of NS(Y ) → Num(Y ) is given by K Y , and thus
where •
where r ′ is 2 or 4.
Non-emptiness of M H,Y (v) with v 2 ≥ 1 was essentially proved in [Kim06] for the case r(v) = 2. He proved irreducibility in half of the cases.
Review: Divisors on Enriques surfaces
To aid in our investigation of stable rank 4 bundles, we first reduce ourselves to a finite number of cases we must consider. Since stability is unchanged upon twisting by a line bundle, we are able to reduce to the case when there is a specific relationship between c 2 and c 2 1 . But first let us recall some facts about divisors on an unnodal Enriques surface Y . To begin with, recall that for an Enriques surface Y ,
where U ∼ = 0 1 1 0 is the hyperbolic lattice and E 8 is the even positive-definite lattice with the same Dynkin diagram. For convenience, we record that for a sheaf E of rank r,
The following two simple propositions will be especially useful:
Proof. As the proof is simple, we include it here. First note that the effective cone is dual to the nef cone, so D effective implies that D + K Y is effective as they are numerically equivalent, proving the final claim. By Riemann-Roch, 
The most important property of φ for us is the following [CD89, Section 2.7]:
The importance of effective divisors of square zero in the geometry of Enriques surfaces lies partially in the fact that they correspond to elliptic pencils. In particular, on an unnodal Enriques surface, a primitive effective divisor F with F 2 = 0 is irreducible and 2F is one of two double fibers of the elliptic pencil |2F |. Likewise, all complete elliptic pencils arise this way. Such an F is called a half-pencil. The following final fact will also be of use to us:
Proposition 3.4 ([CD89]).
For every elliptic pencil |2E| on an Enriques surface Y , there exists an elliptic pencil |2F | such that E.F = 1.
Proof. As Num(Y ) is unimodular, we can find
2 E ∈ Pic(Y ), F 2 = 0 and F.E = 1, so |2F | is the required elliptic pencil.
Classification of chern classes
Now we can start in on the classification proper with the following prelimanary result:
Lemma 4.1. For any divisor L on an unnodal Enriques surface Y , we can find a divisor
Proof. Since (L + 4H) 2 > 0 for some ample divisor, we can assume L is effective and L 2 > 0. Suppose L 2 ≥ 64, then by Theorem 3.3 we can find F > 0 with F 2 = 0 such that 0 < L.F ≤ √ L 2 , and in this case 0
If 56 ≤ L 2 ≤ 62, then we can find F > 0 with
We use this to prove the following theorem:
Theorem 4.2. We can find a divisor D, depending only on L ∈ Pic(Y ) and m ∈ Z, such that for any rank 4 vector bundle E with c 1 (E) = L and c 2 (E) = m on an unnodal Enriques surface Y ,
Proof. First let us note that for any divisor T , c 1 (E(−T )) = c 1 (E)− 4T . Then by Theorem 3.3 and Lemma 4.1 above, we can find a divisor T such that 0 ≤ c 1 (E(−T )) 2 ≤ 54 and c 1 (E(−T )) > 0. If c 1 (E(−T )) 2 > 0, then we can find F > 0 with F 2 = 0 such that 0 < c 1 (E(−T )).F ≤ 7. Then
)).F ), and c 2 (E(−T + nF )) = c 2 (E(−T )) + 3n(c 1 (E(−T )).F ). Thus
Since c 1 (E(−T )).F = 1, ..., 7 we may find n ∈ Z which puts us in the range −5, ..., 1. If We will be modifying the argument of [HL10, Theorem 5.1.6] for our purposes, but first we need the following lemma:
Lemma 5.2. Let L be a very ample divisor on a smooth projective surface X, and choose 1 ≤ n ≤ h 0 (X, L). Then the locus S ⊂ X [n] parametrizing 0-dimensional subschemes Z ⊂ X with length l(Z) = n which fail to impose independent conditions on H 0 (X, L) is a divisor. Moreover, its generic element consists of those Z comprised of n distinct points, n − 1 of which impose independent conditions on H 0 (X, L).
Proof. Indeed, choose a subspace W ⊂ H 0 (X, L) of dimension n. Then the subscheme S can be described as the locus where the natural map
of vector bundles of rank n fails to be an isomorphism, where Z n ⊂ X [n] ×X is the universal subscheme and π 1 , π 2 are the respective projections. Thus S has codimension at most 1. Since L is very ample, the generic element of X [n] imposes independent linear conditions, so S has codimension exactly 1.
The last claim is clear. 
It is easily checked that we can choose l(Z i ) ≤ 9 2 H 2 + 1 and satisfying this equation. Suppose we have chosen Z i as above, and take a µ H -unstable locally free extension as above. Let E ′ = E(2H) (still unstable), and consider a destabilizing locally free sheaf F ⊂ E ′ of rank 0 < s < 4. It suffices to consider locally free destabilizing subobjects since the reflexive hull of such objects will also destabilize and necessarily be locally free. Since
, and passing to exterior powers gives a nonzero, and thus injective, homomorphism
Thus there is an effective divisor D of degree
which contains at least s of the 3 subschemes Z i . Since the divisor is effective with bounded degree, there are only finitely many such divisor classes [D] . For each such divisor class, the Hilbert scheme of linearly equivalent effective divisors in this class is |D| : 
It is easily checked from (3) that this number is always greater than 9 32 H 2 + 1, as required. It follows from all of the above that we can choose the subschemes Z i to ensure that the extension E is locally free and µ H -stable, as required.
6. M H,Y (mv 0 ) = ∅ for v 2 0 ≥ −1 In this section, we prove the non-emptiness of moduli spaces of Gieseker-semistable sheaves with given Mukai vector on an unnodal Enriques surface with respect to a generic polarization. We recall the most important consequence of this genericity assumption: the only sheaves with the same reduced Hilbert polynomial as a given sheaf of Mukai vector v have Mukai vectors on the ray R >0 v. Let us set notation and denote by v 0 = (r, c 1 , s) a primitive Mukai vector of positive rank with v 2 0 ≥ −1. We further set H to be a polarization that is generic with respect to v 0 . To prove our main theorem, completing the sequence of results initiated by Kim in [Kim98a, Kim98b, Kim06] and Hauzer in [Hau10] , we first recall the definition of the virtual Hodge polynomial of a variety X over C. The cohomology with compact support H * c (X, Q) has a natural mixed Hodge structure, and we define e p,q (X) :
) and e(X) := p,q e p,q (X)x p y q to be the virtual Hodge number and virtual Hodge polynomial, respectively. Our main theorem is as follows:
Theorem 6.1. For generic polarization H, the moduli space of Gieseker-semistable sheaves of Mukai vector v = mv 0 with respect to H on an unnodal Enriques surface Y , M H,Y (v), is non-empty.
Proof. First note that it suffices to prove the result for m = 1, i.e. v primitive. Indeed, for any E 0 ∈ M H,Y (v 0 ), E ⊕m is semistable of Mukai vector v = mv 0 . So we may in-fact assume that any Gieseker-semistable sheaf is stable as well.
We can further restrict ourselves by recalling that non-emptiness was proven in [Yos03, Theorem 4.6] for r odd.
So we are reduced to proving the theorem when r is even and positive. Then [Hau10, Theorem 2.8] shows that the virtual Hodge polynomial of M H,Y (v) is equal to the virtual Hodge polynomial of a moduli space of sheaves on Y with primitive Mukai vector of rank 2 or 4 that are Gieseker-stable with respect to H.
In the rank 2 case, we may use the main theorem of [Kim98a] to reduce to the case s = 1 + In the rank 4 case, we may use Theorem 4.2 above to reduce to the case s = 2+ 
, and we have noted already that dim M H,Y (v) = v 2 + 1. If m > 1, then by induction, we deduce that the image of the map SSL has dimension equal to the maximum of (m 2 1 + m 2 2 )v 2 0 + 2 for m 1 + m 2 = m, m i > 0. This is strictly less than v 2 + 1.
Furthermore, we can construct a semistable sheaf E ′ with Mukai vector v which is also Schur, i.e. Hom(E ′ , E ′ ) = C. By the inductive assumption, we can consider
Then any endomorphism of E ′ gives rise to a homomorphism E → F , of which there are none since these are both stable of the same phase and have different Mukai vectors (or can be chosen to be non-isomorphic if m = 2). Thus any endomorphism of E ′ induces an endomorphism of E, and the kernel of this induced map Hom(E ′ , E ′ ) → Hom(E, E) = C is precisely Hom(F, E ′ ), which vanishes since the extension is non-trivial. Thus Hom(E ′ , E ′ ) = C. We can deduce non-emptiness of M s H,Y (v) from a dimension estimate as follows. Since E ′ is Schur, we get
As we mentioned above, the strictly semistable locus must have dimension smaller than v 2 + 1. So even though E ′ is not stable, it lies on a component which must contain stable objects. Moreover, as noted in [Kim98b] , (smooth) components of the stable locus of dimension greater than v 2 + 1 can occur only if v 2 0 = 0, so v 2 0 > 0 implies that the locus of points fixed by − ⊗ O(K Y ) has positive codimension. Then we may choose
Stability of E and F and a diagram chase then show that Hom(
Furthermore, observe that the strictly semistable locus has codimension 
Since χ(F, E t ) = sχ(F, F ) = −sv 2 = 0, we also have
where we note that since v is primitive F ≇ F (K Y ). Thus if [F ] / ∈ M 1 or M 1 (K Y ), then Ext i (F, E t ) = 0 for all i and all t ∈ M 1 , so Ext i p (q * F, E) = 0 for all i.
For [F ]
∈ M 1 or M 1 (K Y ), we have to work a little harder. Suppose first that M 1 = M 1 (K Y ). By [BPS80] there exists a complex P • of locally free sheaves P i of finite rank such that the i-th cohomology H i (P • ) ∼ = Ext i p (q * F, E) and H i (P • t ) ∼ = Ext i (F, E t ). Moreover, this complex is bounded from above and we may assume P i = 0 for i < 0. Since Ext i (F, E t ) = 0 for i > 2, the complex is exact at P i for i > 2. Of course, Ext 0 p (q * F, E) is a skyscraper sheaf concentrated at t 0 = [F ]. Since it's a subsheaf of the locally free sheaf P 0 , it must be 0. Furthermore, ker(d i ) is always locally free as the kernel of a surjection from the locally free P i to the torsion-free sheaf im(d i ) on the smooth curve M 1 . As P • is exact at P i for i > 2 and P i = 0 for large i, we can work backwards using exactness and replace P 2 by ker(d 2 ) to get 0 → im(d 1 ) → P 2 → H 2 (P • ) → 0.
